ISOLATED BOUNDARY SINGULARITIES OF SEMILINEAR 
ELLIPTIC EQUATIONS 



MARIE-FRANgOISE BIDAUT-VERON, AUGUSTO C. PONCE, AND LAURENT VERON 

Abstract. Given a smooth domain SI C such that £ 9f2 and given 
a nonnegative smooth function on dQ, we study the behavior near of 
positive solutions of —An = u'^ in Q such that m = ^ on dQ \ {0}. We prove 

that if -^ij < 9 < j^j^g ' then u{x) < C \x\ 9-1 and we compute the limit of 

\x\ u(x) as X — » 0. We also investigate the case q = ■ The proofs rely 
on the existence and uniqueness of solutions of related equations on spherical 
domains. 
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1. Introduction and main results 

Let be a smooth open subset of R^, with N > 2, such that G dfl. Given 
q > 1 and C e C°°{dft) with C > on dft, consider the problem 

-Au = u'^ in r2, 

(1.1) { u>Q in f7, 

ii = C onar2\{0}. 

By a solution of (jl.ip we mean a function u G C^{^1) fl C{n \ {0}) which satisfies 
(|l.ip in the classical sense. A solution may develop an isolated singularity at 0. 
Our main goal in this paper is to describe the behavior of u in a neighborhood of 
this point. 
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In the study of boundary singularities of ()l.ip , one finds three critical exponents; 
namely, 

9i — iv^' 92 — jj-^ ana 53 — 
with the usual convention if = 2 or = 3. When 1 < g < gi, it is proved 
by Bidaut-Veron-Vivier [8] that for every solution u of (|l.ip there exists a > 
(depending on u) such that 

u{x) = a \x\^^ dist(x, d^l) (l + o(l)) as a; ^ 0. 
In this paper we mainly investigate the case qi < q < qs- 
The counterpart of (|l.ip for an interior singularity, 

— Au = u'' in Q \ {xq}, 
where xo & was studied by P.-L. Lions [18] in the subcritical case 1 < q < jf^, 
by Aviles [2] when q = j^z:2 ^^'^ Gidas-Spruck [13] in the range < q < 

. We prove some counterparts of the works of Gidas-Spruck and Aviles in the 
framework of boundary singularities. 

When (jl.ip is replaced by an equation with an absortion term, 

(1.2) -Azi + M^^O in SI, 

the problem has been first adressed by Gmira-Veron [14] (and later to nonsmooth 
domains in [12]). These results are important in the theory of boundary trace 
of positive solutions of p.2p which was developed by Marcus- Veron [19-21] using 
analytic tools and by Le Gall [17] and Dynkin-Kuznetsov [10,11] with a probabilistic 
approach. We refer the reader to Veron [25] for the case of interior singularities of 
(O). 



Let us first consider the case where ft is the upper-half space M.'^, and we look 
for solutions of Ijl.ip of the form 

u{x) = |xr^a;(^). 
By an easy computation, lo must satisfy 

(1.3) i uj>0 in 5^-1, 

uj^O ondS!^-\ 
where A' denotes the Laplace-Beltrami operator in the unit sphere S^~^, 
l^^^^IiE^^m^ and 5i^-i-5^-inM^. 
Concerning equation (jl.Sp . we prove 

Theorem 1.1. 

(i) Ifl<q<qi, then (jl.Sp admits no positive solution, 
{ii) If qi < q < qz, then p.3p admits a unique positive solution. 
{Hi) If q > qs, then (jl.3p admits no positive solution. 

In Section [3] we study uniqueness of solutions of (jl.3p with i^^g replaced by any 
£ GR. The proofs are inspired from some interesting ideas taken from Kwong [15] 
and Kwong-Li [16]. The nonexistence of solutions of (|1.3p when q > qs is based on 
a Pohozaev identity for spherical domains; see Theorem 12. II below. 
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We now consider the case where ft C is a smooth domain such that £ dil. 
Without loss of generahty, we may assume that — e^r is the outward unit normal 
vector of dft at 0. We prove the following classification of isolated singularities of 
solutions of (jl.ip : 

Theorem 1.2. Assume that qi < q < q2. If u satisfies (jl.ip . then either u can 
he continuously extended at or for every e > there exists 5 > Q such that if 
xen\ {0}, ^ e S^-^ and \x\ < 6, 



(1.4) 



< e. 



\x\.-^uix)-u;{j^) 
where lu is the unique positive solution of (jl.3p . 

When q2 < g < 93 , we have a similar conclusion provided u satisfies the estimate 

u{x) < C\x\~^ Vx e n, 



for some constant C > 0; see Proposition 18.11 below. In the critical case q = qi 
there is a superposition of the linear and nonlinear effects since their characteristic 



exponents and N — 1 coincide. The counterpart of Theorem 11.21 in this case is 
the following: 

Theorem 1.3. Assume that q — qi. If u satisfies (jl.ip . then either u can he 
continuously extended at or for every e > there exists 5 > such that if 
x £ \ {0} and \x\ < S, 



(1.5) 



u{x) 



'\x\ 



< s, 



where k is a positive constant depending only on the dimension N . 



Our characterization of boundary isolated singularities is complemented by the 
existence of singular solutions which has been recently obtained by del Pino-Musso- 
Pacard [23]. We recall their result: 

Theorem 1.4. Assume that C is a smooth hounded domain. There exists 
P G (QIj 92) such that for every qi < q < p and for every ■^i, ^2, • • • , Cfc 6 (^^y there 
exists a positive function u G C(f2 \ {^jl^^i); vanishing on dO, \ solution 
of — Au — u'^ in Q, such that 

u{x) — > +00 as X nontangentially for every i = 1, 2, . . . , fc. 

In view of Theorems 11.21 and 11.31 any such solution must have the singular be- 
havior we have obtained therein. In [23], the authors conjecture that such solutions 
exist for every qi < q < q2- 

Some of the main ingredients in the proofs of Theorems 11.21 and 11.31 are Theo- 
rem [TTT] above concerning existence and uniqueness of positive solutions of p.3p . a 
removable singularity result (see Theorems 17.11 and 17.21 below) and the following a 
priori bound of solutions of (|l.ip : 

Theorem 1.5. Assume that 1 < q < q2. Then, every solution of p.ip satisfies 

(1.6) u{x)<c\x\^t^ yxen, 

for some constant C > independent of the solution. 
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We establish this estimate using a topological argument, called the Doubling 
lemma (see Lemma l5 . II below) . introduced by Polacik-Quittner-Souplet [24]. 

Theorems 11.21 11.31 and 11.51 have been announced in [6] . 

2. POHOZAEV IDENTITY IN SPHERICAL DOMAINS 

We first prove the following Pohozaev identity in spherical domains. 

Theorem 2.1. Let q > 1, £ E R and S be a smooth domain in S^^^. If v £ 
C2(5)nC(5) satisfies 

j -A'v^£v+\v\'''^^v inS, 
\ V = on dS, 



(2.1) 



then 
(2.2) 

i^-Wf \V'vfc^da~^C-^^^^^^)fv'c^da = ^f \Vvf {V'<l>,.) dr, 

•J S J S J dS 

where v is the outward unit normal vector on dS , V the tangential gradient to 
S^~^, and (j) is a first eigenfunction of the Laplace- Beltrami operator —A' in 

We recall that the first eigenvalue of —A' in Wq''^{S^^^) is — 1 and the 
eigenspace associated to this eigenvalue is spanned by the function (f){x) = 

Proof. Let 

P = {V4>,Vv)Vv. 

By the Divergence theorem, 



/ div Pdcr= / {P,v)dT. 
Js Jas 



(2.3) 
Note that 

div P = (V'w, V»A'w + D^v{Vv, V(j)) + D^(j){V'v, V'w). 
where D^v is the Hessian operator. Now, 

Using the classical identity 

D^(l) + (j)g = 
where g — {gij) is the metric tensor on S^^^, we get 

L»20(v'i;, V'l;) = -giV'v, V'v)(j) = -|V'wp(/). 
We replace these identities in the expression of div P, 

div P ^ -{V'v,V'(l)){£v + \v\'^-\) + ^{W \W'vf ~ \V'vf(l). 

Integrating over S, we obtain 

div Pd(T = - / {Vv,V(j)){£v+\v\'^-\) da+l [ (V\Vvf ,V(j))da- [ \V'vf(t>da. 
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Note that 

JjVv, W) {iv + \vr' v) da = (y'[lv' + ^ \v\''+' ) , W) da 

J s 

s 

and 

/ (V'|V'^)|^VV)da = - / \VvfA'(j)da+ [ \V'vf {V'(t),iy) dr 

Js Js JdS 

= {N-1) [ \V'vf(l)da+ [ \V'vf {V'<f>,iy)dT. 

Js JdS 

These identities imply 
(2.4) 

/ divPda^-^^ / v^cpda-^ f |t;|«+i<^da + i^ / \V'vf c^da+ 

J S S " S " s 

+ hl \VvUV4>,v)dT. 

JdS 

On the other hand, since v satisfies (12.11). 



/ {iv^ + )<f)da = - [ {A'v)v(t)da 

Js Js 

= [ {V'v,V{v(j)))da ^ I \Vv\^(j)da+ ( {Vv,V (j))v da. 
Js Js Js 

Since vVv = ^V'{v^) and A> = -{N - 1)0, 

/ {V'v,V^)vda f (V'(v'),V'(/))da= ^ / v^^da. 

Js 2 Jg Jg 



Thus, 



This impHes 



J S s ^ s 



s Js Js 

Inserting this identity in (|2.4p . we obtain 

(2.5) 

dWPda^i^-^) [ \V'vfHa-{^ + ^{^-i)) [ v-H<J+ 
Js Js 

+ \[ \Vv\\V<t>,v)dT. 
JdS 
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Since v vanishes on dS, Vv = {\i''v,i^)v and, in particular, |V'i;| = |(V'f,j^) 
Thus, 



/ {P,iy)dT^ [ {V'(j),V'v){V'v,v)dT ^ ( {{Vv,iy)f{V<j),i^)dT 
Jas JdS JdS 

\W'vf{V(j), v) dr. 



(2.6) 

Ids 

Combining (|2.3p . (|2.5p and (|2.6p . we get the Pohozaev identity. □ 

Using the Pohozaev identity on S^^^ we can prove that the Dirichlet problem 
(|2.ip can only have trivial solutions for suitable values of q and £. 

Corollary 2.1. Let N > i. If q > qs and £ < — , then the function identically 
zero is the only solution in C"^ [S^ n C"^ {S'^ of the Dirichlet problem 

i -^.'v = h+\v['-^v mS^-^, 
\ v = Q on dS^-^. 

Proof. Let vhea, solution of the Dirichlet problem. Applying the Pohozaev identity 
with 4){x) = then the left-hand side of the Pohozaev identity is nonnegative, 
while its right-hand side is nonpositive. Thus, both sides are zero. If at least one 
of the inequalitites g > 93 or £ < — is strict, then we immediately deduce that 

« = in 5^-1. 

If g = 93 and £ — — -^ty- , then 

j \\7'v\^ {V(j),u)dT = Q. 

Since {V(j),v) < on dS^^'^, we conclude that V'u = on dS^~'^. Define the 
function i : S^-^ ^ R by 

I 77 1 '/: I II '/: I— ,~ 

v{x) 



v{x) ifxG5;'-\ 
otherwise. 



Then, v satisfies (in the sense of distributions) 

Since v vanishes in an open subset of S^^^, by the unique continuation principle 
we have w = in S^^^ and the conclusion follows. □ 

Remark. When S C 5:^^^ and q > qs the previous non-existence result can be 
improved if we define 



(2.7) X{S,(f)) ^snp\^l>0 



This constant X{S, (j)) is actually zero lis ^ S^l~. With this inequahty turns 

into 

(2.8) 

J S J dS 
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Therefore, the statement of CoroUarv l2.1fe tiU holds if q > and 
(2.9) %-l)>l-iV+ ^(^-;)_-^-^ (5,0). 
Note that X(S,4>) tends to infinity if S shrinks to a point. 

3. Uniqueness of solutions of a pde in S^^^ 

In this section we address the question of uniqueness of positive solutions of the 
Dirichlet problem 

(3.1) { v>Q mS^-\ 

v = Q on5S'^-\ 

where £ G M. A solution of (j3.ip is understood in the classical sense. 

We shall prove the following results: 

Theorem 3.1. Assume that N ~ 2. If q > 1, then for every ^ G M the Dirichlet 
problem (|3.1|) has at most one positive solution. 



Theorem 3.2. Assume that N > 4. If 1 < q < q^, then for every £ € M. the 
Dirichlet problem (|3.ip has at most one positive solution. 

Theorem 3.3. Assume that N — 3. Then, the Dirichlet problem (|3.ip has at most 
one positive solution under one of the following assumptions: 



for every 1 < q < 5 and £ G 



• for every q > 5 and £ < ^gl%(gli) ■ 

Remark 3.1. In dimension = 3 we do not know whether the Dirichlet problem 
p.ip has a unique positive solution if g > 5 and £ > (q+^^i^qli) ■ 

We first show that the graphs of two positive solutions of (j3.1|) must cross. 

Lemma 3.1. Assume that vi and V2 are positive solutions of (|3.1[) . If vi < vi in 

, then vi = V2 ■ 

Proof. Multiplying by V2 the equation satisfied by vi and integrating by parts, we 
get 

J (Vvi, Vwa) da= J {£vi + (wi)«)w2 da. 

Reversing the roles of vi and V2, we also have 

J {Vv2,Vvi) da ^ j {£v2 + {v2y)vi da. 

Subtracting these identities, we have 

J {vi'^~^ -V2'^~^)viV2 da = 0. 

Since the integrand is nonnegative we must have vi''~^ — W2*^^ = and the con- 
clusion follows. □ 
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We consider first tlie case N — 2. The precise structure of of the set of all signed 
solutions defined on K is already established in [4, Lemma 1.1], see also Theorem 
1.1 therein for the main result. In this paper the proof is based upon the fact that 
the equation is autonomous. Here we use another argument which is in the line of 
the one developed in the cases > 3 studied below. 

Proof of Theorem \3.1[ Denoting by 

9 — arccos , 

then a solution of (|3.ip satisfies 

j vse+iv + v"^ ^0 in(0, f), 
|t;e(0) = 0, vi^) = 0. 

Moreover, for every 9 e (0, |], V0{9) < 0; indeed vg{^) < 0, and if p = inf{6' > : 
vg{9) < 0} > 0, then from uniqueness p — v{9) — — 9), hence vg{0) > 0, 
contradiction (notice that this argument is the 1-dim moving plane method). Thus, 
V is decreasing. Let V : [0, v{0)] ^ R be the function defined by 

(3.2) ViO=voiv-'m 

Then, V is of class in [0,-^(0)). Since for every £_ e [0,v{0)), 

ve{v i(^)) V{Q 

we deduce that 

(3.3) (y2)^ ^ 2VV^ = 2Viv0e o v-^){v-^)^ = 2{vge o v'^) = -2(1^ + C"). 

Assume by contradiction that (|3.ip has two distinct positive solutions, say vi and 
V2- We may assume they are both defined in terms of the variable 9. Then, there 
exists ci £ (0, ^) such that wi(ci) = W2(ci). Let C2 G (ci, ^] be the smallest number 
such that Vi{c2) — ^2(22) (this point C2 exists since vig{ci) ^ V2g{c\)). Without 
loss of generality, we may assume that, for every G (ci, C2), 

Vl{i)<V2{^). 

Let V\ and V2 be the functions given by (|3.2[) corresponding to v\ and v^^ respec- 
tively. For j e {1,2}, let 

OLi = Wl(Ci) = V2(Ci)- 

By (|3.3|) . for every ^ e (q!2, ai), 

(Fi2)e(c) = -2(£e+e'') = (x^2')c(0- 

Hence, the function Vx' — V-i' is constant. On the other hand, since v\ < V2 and 
vi,V2 are both decreasing, by uniqueness of the Cauchy problem, 

vieici) < V2e{ci) < and W2e(c2) < ^19(22) < 0. 

Thus, 

Vi^{ai)-V2\ai)>0 and Vi^{a2) - V2^{a2) < 0. 

This is a contradiction. We conclude that problem p.ip cannot have more than 
one positive solution. □ 
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Remark. The proofs in [4] as well as the one here are valid for equation 
(3.4) vee + iv + giv) = 

where g G C^(R), g{0) = and r i-^- is increasing on (0, oo). In [5, Prop 4.4] a 
more general, result is obtained. 

In order to study p.ip in the case of higher dimensions, the first step is to rewrite 
the Dirichlet problem in terms of an ode. By an adaptation of the moving planes 
method to S^~^ (see [22]), any positive solution v of (|3.ip depends only on the 
geodesic distance to the North pole: 



and V decreasing with respect to 6. Since in this case 

every solution of p.ip satisfies the following ode in terms of the variable 9: 

j vee + {N ~2) cot Ove+ev + v'^ = in (O, f ) , 
1 ve{0) = 0, «(|) = 0. 



(3.5) 



The heart of the matter is then to apply some ideas from Kwong [15] and Kwong- 
Li [16], originally dealing with positive solutions of 

, , i Urr + (N -2)-Ur + iu + u'' ^0 in(0,a), 

(3.6) < r 

[ UriO) = 0, u{a) = 0. 

By Lemma |3. II and the discussion above, the graphs of two positive solutions of 
p.5p must intersect in (0, Of course, the number of intersection points could 
be arbitrarily large (but always finite in view of the uniqueness of the Cauchy 
problem) . The next lemma allows us to reduce the problem to the case where there 
could be only one intersection point. The argument relies on the shooting method 
and continuous dependence arguments; we only give a sketch of the proof. 



Lemma 3.2. Assume that (13. Sp has two distinct positive solutions. Then, there 
exists two positive solutions of (|3.5p the graph of which intersect only once in the 
interval (0, ^). 

Sketch of the proof. For each a > let be the (unique) maximal solution of 

J Vee + iN ~ 2)cotevg + ev + |t>|«"^u = in = (O,™^) C (0,7r), 
jwe(0) = 0, v{0)^a. 

Then v = v°' is obtained by the contraction mapping principle on some interval 
[0,Tq], by the formula 

(3.7) v{6)^a- ( {sinaf-^ [ {smr)'^-^ {(v + \v\'i-^v){T)dTda. 
Jo Jo 

It is extended to its maximal interval la, and by a standard concavity argument, 
rua = sup la = TT. Noticc that only a solution which vanishes at 6 = ^ can 
be extended by continuity at 9 — n. By a standard argument v°'{9) depends 
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continuously on a, uniformly when 6 Cz [0, tt — eo] for any eo > small enough, and 
eo — J will be good enough. Since vg — Vg satisfies 

Vg{e) = -{smOf-^ / (sinT)^-2(^^^ 

it follows that depends continuously of a in the C^([0, ^])-topology. If vi 
and V2 are two distinct solutions of (|3.5p we can suppose that V2{Q) > vi{0). We 
assume now that their graph have more than one intersection and denote by ci and 
0-2 respectively their first and second intersections in (0, ^). If a e (0,^2(0)), we 
denote by crj(a), j = 1,2, the finite and increasing sequence of intersections, if 
any, of the graphs of V2 and in (0, ^). Then (Ti(vi(0)) = ai and a2{vi{0)) = 172. 
Since the derivatives of V2 and v" at <Jj(a) differ, it follows from implicit function 
theorem that the mapping a 1— > crj{a) is continuous. Then, if (T2{a) < ^ for any 
a G (0,wi(0)), cri(a) satisfies the same upper bound,. Since ^ uniformly on 
[0, f ] and W2e(f ) < 0, this imphes 

lim CTi(a) f72(a) = ^- 

By the mean value theorem there exists T(a) e (cr2(«), cri(a)) where V2e{T{a)) = 
Vg{T{a)). This is impossible as T{a) — * and 

TT 

lim V2e{T{a)) = W2,e(-T) 7^ 1™ Vg{T{a)) = 0. 

a^O Z a— >0 



Thus there exists a £ (0, Wi(0)) such that 0-2(0:) = \. Moreover Gi{a) < ^ 
otherwhile we would have W2e(f ) = as above, and V2 — v". Therefore v" is a 
solution of ( (|3.5p ) which intersects only once U2 in (0, ^). □ 

The next result is standard but we present a proof for the convenience of the 
reader. 

Lemma 3.3. Assume that vi and V2 are positive solutions of (|3.5p whose graphs 
coincide at a single point of (0, ^). //fi(0) > f2(0), then the function 

is increasing. 

Proof. Let J : [0, ^] — > M be the function defined as J = viV2e — V2Vig. To prove 
the lemma, it suffices to show that J > in (0, ^). Using the equations satisfied 
by vi and V2, one finds 

Jg = -(iV- 2)cOt6'J+ - V2'~^)viW2. 

Thus, 

^-^((Sin0)^-J), = (.,.-1 - 

Let cr e (0, ^) be such that vi{a) — V2{<j). Since vig{a) ^ V2g{a), we have vi > V2 
in (0, cr) and vi < V2 in (cr, ^), we conclude that the function 

e e [0,f] ^ (sin 61)^-2 j(6l) 
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is increasing in (0, cr) and decreasing in (cr, Since it vanishes at and ^, we 
have 

(sin6l)^-V>0 in(0, f). 
Thus J > in (0, ^) and the conclusion foUows. □ 

The foUowing identity will be needed in the proofs of Theorems 13.21 and 13.31 

Lemma 3.4. Let v be a solution of p.Sp . a — '^''^^^^ and (3 — ^ • Set 

(3.8) w{e) = [sinOy v{e) 

Let : (0; ^) M and G : (0, ^) ^ M be the functions defined by 

,,,2 „,,2 „„q+l 



(3.9) E{e) = (sin ef^ + G{e)— + ^, 

(3.10) G{e) = ((a(iV-2-a)+^)(sin6i)2 + a(a + 3-7V))(sin6l)^-^ 
Then, 

2 

(3.11) Ee^Ge^. 

Proof. Let w : (0, f ) ^ R be the function defined by Then, 

a{a + 2,- NY 



u,eeHN-2-2a)coieu.e+[c.{N^2-a)+i+ ^^^^^ j , 

Multiplying this identity by (sin 6')'', we get 

(sin6l)'3 wee + iN-2- 2a) (sin e)'^-! cos6lu;e + G{e) w + (sin6l)'3-"(9-i)w;« = 
where G is defined by ([XTO]) . We now observe that a and /? satisfy 

iV - 2 - 2a = ^ and /3 - a(q - 1) = 0. 
The identity satisfied by w becomes 

(sin 6')'^ wee + ^ (sin 6')''-^ cos 61 we + G(6') w + u;'? = 0. 

Since 

d 



dO 

and 



(sin0)'5^^^ = {{sai9f wee + ^{s^^ef~^ cose we^ we 



^(G((?)^j =G{e)wwe+Ge{e)^ 



identity (|5TT|) follows. □ 
The following proof is inspired from Kwong-Li [16]. 



Proof of Theorem \3.SX We use the notation of Lemma 13^ We observe that E can 
be continuously extended at and ^. This is clear at where we take 
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To reach the conclusion at 0, it suffices to observe that for every 9 £ (0, -1), 
{smef{wg{9)f = {sm9f(a{sin9)°'~'^cosev{e) + (sin6')" i;e(6'))^ 
= {sm0f''+f^-^ (^acosO v{e) + sine ve{9)y . 

Since TV > 4, 

2a + /3-2=H(^(,+ f^)>0, 

the right-hand side of the previous expression converges to as 6* —> 0. We can 
then set £:(0) = 0. Notice that 

Ge{9) = \{a{N - 2 - a) + £)P{sm Of + a(a + 3 - 7V)(/3 - 2)1 {sinOf'^ cos 6. 

By the choices of a and /3, 

a(a + 3 - N)iP - 2) ^ '^^^H^^' (g + ^) - ■ 

Since A'' > 4 and 1 < g < this quantity is positive. Hence, there exists e > 

such that 

Gg{e)>0 V6le(0,e). 
In view of the expression of Gg, we have the following possibilities: either 
[i] Gg>Qm (0,f), 

or 

{ii) there exists c G (0, ^) such that > in (0, c) and < in (c, ^). 

Assume by contradiction that (|3.ip has more than one solution, hence by Lemma lX^ 
problem (13. 5|) has two positive solutions ui and V2 whose graphs intersect exactly 
once in the interval (0, ^). Without loss of generality, we may assume that t;i(0) > 
W2(0). For i G {1,2}, define Wi and Ei accordingly. 

First, assume that G satisfies property (i) above. Let 
We have from ([3121) 

(3.13) (£^2 - l^E^m =Q={E2- 7'i?i)(|)- 

On the other hand, by Lemma 13.31 the function 

is increasing. In particular, for every 9 E [0, -1), 

^2(g) ^^2W _ ^'2e(f) _ 

^,(0) < eif- t;i(0) t,i,(f) 

Hence, 

K)' - = (Sin0)2"((t;2)2 _ ^2(^^)2^ < q 

Thus, by Lemma 13.41 and by assumption (i), we have for every 9 G (0, 
{E2 - l^Ei)g{9) = Gg{9){{w2f ' l\wif) < 0. 
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This contradicts ()3.13p . Therefore, problem (|3.ip cannot have two distinct positive 
sohitions if G satisfies {i). 

Next, we assume that G satisfies property (m) for some point c. Let 

vi{c) 

As in the previous case, {E2 — 7^i?i)(0) = 0. By Lemma [5751 we have 

V2 . . . , V2 _ . , 

— < 7 m (0, c) and — > 7 m (c, ^j. 

Vi Vi 

Hence {E2 — 7^i?i)(-|) > 0. By Lemma [3.41 and by assumption (m), we have for 
every 9 G (0, f ), 

{E2 - fEi)e{e) = Gg{e){{w2f - iHwi?) < 0. 
This is still a contradiction. Therefore, if G satisfies (m), then problem ()3.ip has a 



unique positive solution. The proof of Theorem 13.21 is complete. □ 

When = 3, the proof of uniqueness of positive solutions of p.ip is inspired 
from Kwong-Li [16] (Case 1 below) and Kwong [15] (Case 2 below). 



Proof of Theorem \3.3[ We split the proof in two cases: 
Case 1. q > 1 and £ < j^^^§^^^^- 

Let G : (0, f ) ^ M be the function defined by ([XTU)) . Since A = 3, we have 
«=^and/3=H^. Thus, 

a(a + 3 - N)il3 - 2) ^ a'^ip - 2) = -j-^ < 0. 



(9+3)^ 

Moreover, since by assumption £ < (q+iy^qli) i '^^ have 



(a(A^ -2-a)+£)l3 + a{a + i- N){I3 - 2) = ^^f^ 



2(g-3) 
(9+3)(9-l) 



+ £ 



< 0. 



Therefore, G satisfies 

(m) Ge < in (0, f). 

We still consider the function E defined by p.9p , and astisfying (|3.1ip . We observe 
that E can still be continuously extended at ^ by (|3.12p . but not at since E{9) 
diverges to +00 as — > 0. 

Assume by contradiction that (j3.ip has more than one solution, hence as above 
problem (|3.5p has two positive solutions vi and V2 whose graphs intersect exactly 
once in the interval (0, ^), and fi(0) > W2(0). For i G {1,2}, define Wi and Ei 
accordingly. 

Let 

By Lemma 13.31 we find 

{W2f ^l^w^f ^{s,nef^{{v2f -f{v^f)>Q in(0,f). 
By Lemma 13.41 and by assumption (iw), we have for every 9 G (0, -1), 
(3.14) {E2 - fEi)e{9) = Ge{e){{w2f - l\wif) < 0. 
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By Lemma 1331 

Although El and E2 cannot be continuously extended at 0, one checks that 

lim (i;2(6l) -fEi{e)) = 0, 

by expanding the Vi up to the order 2 at = 0. This contradicts (I3.14p . Therefore, 
equation (|3.ip has at most one positive solution. 

Case 2. 1 < g < 5 and I > 



2(3-g) 
(g+3)(g-l)- 



Since 1 < g < 5, we have £ > — ^, in particular i > —j. The remaining of the 
argument only requires 1 < 5 < 5 and £ > —j. 
Let z : (0, -1) — > M be the function defined as 

z{e) = {sm9)^v{d). 

Then, z satisfies 

(3.15) ^oe+(e+^ + jr^^)z+-^^ = 0. 

V 4 4(sm6l)V (sin6l)T- 



Assume by contradiction that equation p.5p has two positive distinct solutions 
vi and V2 intersecting at some point ctq G (0, f-), with wi(0) > ^2(0). Define zi and 
Z2 accordingly. Then zi > Z2 on (0, ctq), zi < Z2 on ((To,f) and 2:1(0) = 22(0) = 
2i(f ) = 22(f) = 0. let Co = ziiao) - 22(^X0). 

As a first claim, we show that zi and Z2 cannot be both decreasing in [ctq, f ]■ 
Indeed, if it holds, we may consider their inverses z~^ : [0,^o] [fo,f]- For 
i £ {1, 2}, let Zi : [0, ^0] — » M be the function given by 

= z,e{zr\0) 
{Zi is well-defined since ai > 0). Since 

zie(cro) < 2:2e(CTo) < and ^20(2) < ^^si-^) < 0, 

we have 

(Zi(eo))' > (^2(eo))' and (Zi(0))2<(Z2(0))2. 
From the Mean value theorem, there exists 77 G (0,^o) such that 

(3.16) {Zi\{v) > {Z2\{v)- 

On the other hand, for i G {1, 2} and for every f G (0, ^0)1 



(3.17) ^»^».-««.(^.r^(0)--(^+^ + j(— ^) 



(sinz-^O)" 



9-1 



Since ^(^) < ^(^) in (0, ^0), we deduce that 

(Zi^)^ ^ 2Z1Z15 < 2Z2Z25 = (^2^)^. 

This contradicts (j3.16|) and prove the claim. 

As a second claim, we now show that zi and Z2 cannot be both increasing in 
(0, (To). Assuming that it holds, we may consider their inverses z~^ : [0, ^0] ~* [0, co]- 
For i G {1, 2}, let : [0,^o] ^ R be the function defined as 

Y{i) ^ z,e{z-\m^^^zi\i))- 
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Observe that Yi can be continuously extended to by taking Yi{0) = 0. Since 
Z2 < z\ in (0, (To), we have 

(3.18) (yi(0))2 = (r2(0))2 = and (^^(^o))' > (^(^o))'. 

On the other hand, for i G {1, 2}, 

= (z.ef,(z-\0)(sinzri(e)) + z,,(z-i(0)(cosz-i(0))— ^ 



(z,,,(z-i(e))(sinzri(e))2)l+coszri(^) 



Thus, 

- y.cosz-i(C) = -((^+ i)(sinz-i(e))2 + i)e - (sinz-^(e))'^C'. 
Since > zf^C) in (0,Co) and I > -i, 

{i+\)isinz-\Of>{i+l)isir,z-\0?- 

Since g < 5, 

(sinz2-i(e))'^ > (sinzr'(e))^. 

We deduce that 

12^25 - Y2 cos z^\0 < - cos z^\0- 

Hence, 

((1^2)2 - (Y^f)^ < 2iY2CO8z^\0-YiCosz^\0) 

< 2 cos zf 1(0(^1-^2) 

2 cos z^\^) 



< 



Y1+Y2 

Let / : (0, ^0) ^ K be the function defined by 

2 cos zi~^(^) 



m'-iY^r). 



YiiO+Y^iO' 
Using this notation, 

{iY2r-{Y^r)^<f{0{{Y2?-iY^r)■ 
Thus, for every ^ G [0, ^o], 

((1-2)^ - iY,m) > iY^mo)e^'°f^^^'^. 

This clearly contradicts p.lSp and the second claim is proved. 

We can now conclude the proof. It follows from equation (|3.15p that both zi 
and Z2 are concave. Since zi and Z2 cannot be simultaneously increasing on (0, ctq) 
or decreasing on (uo, f-), at their intersection point there holds 

zie{<^o) < < z2e{(Jo)- 
Therefore, the maximum of zi is achieved in (0,(To) while the maximum of Z2 is 
achieved in (o-q, f )• 

Denote the maximum of Zi by m^. We first show that m2 > mi. Indeed, assume 
by contradiction that 1122 < nii. Let a2 € {ao, ^) be such that 

22(0-2) = m2. 
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Let (Ti be the largest number in (0, ^) such that 

Zl(o-l) = 1712. 

The restrictions zi : [ai, ^] [0,m2] are both decreasing. Let Zi : [0,m2] ^ M be 
the function defined as 

In the interval [0, 7712] we have z^^{£_) < Z2^{£,) and (|3.17p . thus, as in the first 
claim, 

Since 

(Zi(0))' < (Z2(0))2 and {Zi{m2)f > = {Z^ima))^ 
we have a contradiction. 

We now show that mi > 7712. Assume by contradiction that mi < TO2. Let 
(Ji G (0, a) be such that 

zi(o-i) = mi. 
Let (72 be the smallest number in (0, ^) such that 

22(0-1) = mi. 

The restrictions Zi : [0,0-^] ~* [0, mi] are both increasing. Let Yi : [0,mi] ^ R be 
the function defined as 

m)=z,e{z-\0)isirizr\C)) 

if ^ 7^ and Yi{0) — 0. Then, Yi is continuous. In the interval [0,(T,;] we have 
< z^^(^), thus, as in the second claim, 

^2 + i 1 

This contradicts 

~{Yif){Q)^Q and {{Y2f ~ {Yif){mi) > Q. 

Finally m2 > mi > mi > 0, which is a contradiction. Therefore, problem p.ip 
can have at most one positive solution. □ 

4. Proof of Theorem 11.11 

Proof of (i). Assume that I < q < qi- Let </> be a positive eigenfunction of —A' 
in Wq" {S^^^) associated to the first eigenvalue — 1, and let w be a solution of 
p.3[) . Using (f) as test function, we get 

On the other hand, since (/) is an eigenfunction of —A', 

(V'w, V'</)) da = (A^ - 1) J Lj(j)da. 



-,Af-l 
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Thus, 

(4.1) (A^-l-^AT,^) J uj(j)da= J uj^da. 

Since (j < we have 

iV - i - tN^g - — — [q - S 0- 



Hence, the left-hand side of (|4.H) is nonpositive while the right-hand side is non- 
negative. Thus, 

wVdcr = 



We conclude that w = in ^. Hence, problem (|1.3p has no positive solution. □ 
Proof of (a) . Since q > qi, 

Thus, the functional J : W^'"^ {S'^^^) R defined by 

Jiw)= J {\V'wf ~ eN,qW^) da 

is bounded from below by 0. On the other hand, since q < qs we can minimize 
over the set 

gN-l 

Let w be a minimizer. Then, w"*" is also a minimizcr, whence w = and this 
function satisfies 



~A'w - eN.,qW = Aw« in S+~^ 

for some A > 0. By standard elliptic regularity theory, w is smooth and vanishes on 
dS^~^ in the classical sense. The function A~it; is therefore a solution of (|1.3p . 
For uniqueness, one applies Theorem 13.11 and Theorem 13.21 in the case ^ 3. 
If = 3 we can applies Theorem 13.31 since Iq^s — "^^g^Si^l always satisfies the 
assumption therein. □ 

Proof of (iii). We may assume that > 4, for otherwise there is nothing to prove. 
Note that if (? > (?3, 

Applying Corollarv l2.1[ we deduce that (|1.3p has no positive solution. □ 
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5. The a priori estimate 

In this section we establish Theorem 11.51 whose proof is based on the fohowing 
result. 

Proposition 5.1. Assume that 1 < q < q2. Let < r < i diamil and ( G C°°{dn) 
with > on dfl. Then, every solution of 

'-Au^u'^ in fin {B2r\Br), 

(5.1) < u>0 infir\{B2r\Br), 

u = C on dnr\{B2r\Br), 

satisfies 

(5.2) u(x) < C[dist(a;,r^)]"^ Vx e Q D {B2r \Br), 

where — ft D {dB2r U dBj.) and C > is a constant independent of u. 

We denote by Br the ball of radius r centered at 0. The proof of this estimate 
is based on two results: a Liouville theorem for the equation —Aw = in or 
in (see [9]) and the Doubling lemma of Polacik-Quittner-Souplet [24] which we 
recall: 

Lemma 5.1. Let {X,d) be a complete metric space, T X and 7 : X \ F — > 
(0, +00). Assume that 7 is bounded on all compact subsets of X\T. Given k > 0, 
let y ^ X \ T be such that 

7(2/) dist(y,r) > 2k. 
Then, there exists x d X \ T such that 

• -fix) dist(x,r) > 2k; 

• 7(2;) > i{y); 

• 27(0;) > 7(z), Vz G Bk/^(x){x). 



Proof of Proposition \5.1\ To simplify the notation we may assume that C = 0. 
Assume by contradiction that ()5.2p is false. Then, for every integer fc > 1 there 
exist < Tfc < i diamfi, a solution u^. of (|5.ip with r — r/,, and yk € rin(i?2rfc XBr^) 
such that 

Ukiyk) > (2fc)^[dist(2/fe,r^J]^^. 
Applying the previous lemma with 

X ^nn(B2r,\BrJ and j = , 
one finds £ X \ F^^ such that 

{i) Uk(xk) > (2/c)i^[dist(a;fc,r^J]~^; 
(a) uk{xk) > Ukiyk); 

2 q~l 

(Hi) 2^Uk{xk) > Uk{z), \/z G Bji^{xk) H ft, with Rk = k[uk{xk)] ~ ■ 
By (i) we have Rk < ^ dist{xk,Tr^) and thus 

Sii,(xfe)nr,, =0. 

Since dist(a;fc, F^j,) < ^r^ < j diamfJ, we also deduce from (i) that 



ISOLATED BOUNDARY SINGULARITIES OF SEMILINEAR ELLIPTIC EQUATIONS 19 



In particular, 

Uk{xk) ^ +00 as k ^ +00. 

For every fc > 1, let 

tk = [uk{xk)r^, 

Dk = {e e M^; lel < k and Xk + t^C e f^} 

and 

«fc (0 = — 7-^ ^ifc {xk + tkCj V£, e Dk- 

'^k \Xk ) 

Then, Vk satisfies 

~Avk = Ufe, < i;fe < 2^ and VkiO) = 1. 

Passing to a subsequence if necessary, we may assume that either 
(A) for every a > there exists k^ > 1 such that if A; > fcg, then Batf, {xk)r\dil ~ 

0, 

or 

{B) there exists ao > such that for every fc > 1, Bagtkixk) H 9ri 7^ 0. 

Since the sequence (vk) is uniformly bounded, it follows that (Avk) is also uniformly 
bounded. In both cases, by elliptic (interior and boundary) estimates, we have for 
every 1 < p < +00 and every s > 0, 

\\l^k\\w^.p{DknBs) < C's.p- 

If {A) holds, then up to a subsequence {vk) converges locally uniformly in to 
some smooth function v such that 

-Av = %fl, < w < and v{0) = 1. 

On the other hand, if [B) holds, then up to a subsequence and a rotation of the 
domain there exists some smooth function v defined in such that {vk) converges 
locally uniformly to v. Since the sequence {vk) is equicontinuous and for every fc > 1, 
ffc(O) = 0, we have w(0) = 1. 

In both cases, we deduce that w is a nontrivial bounded solution of 

-Av = v'' 

in or in which is impossible (see [9]). Therefore, estimate ()5.2|) must 
hold. □ 

Proof of Theorem ] 1.5[ It suffices to establish ()1.6|) ii x E and |a;| < |diamf7. 
For this purpose, we apply Proposition 15.11 with r = ||a;|. Since dist(a;,rr) = ^r, 
we deduce that 

u{x) < C[dist(x,rr)]"^ = C (0 ^C\x\-^. 

This establishes the result. □ 
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6. The geometric and analytic framework 

We recall some of the preliminaries and the geometric framework in [14] which 
will be used in the remaining of the paper. 

We denote by {xi, . . . ,xn) the coordinates of a; e and hy B = {ei, . . . , gat} 
the canonical orthonormal basis in R^. Since we are assuming that the outward 
unit normal vector is — e^r, dfl is the graph of a smooth function in a neighborhood 
of 0. In other words, there exist a neighborhood G of and a smooth function 
: G n Ton R such that 

Gndn = \^{x',xn) e R^"^ X M ; x' eGnTon and XN = 

Furthermore, 

0(0) = and V0(O) = 0. 

Setting = y, with jji = Xi if i = 1, . . . ,iV — 1 and yj\j — xn — 4>ix'), we can 

assume that $ is a C°° diffeomorphism from G to G = ^'(G), and n G) = 
G n R:'^ . To avoid introducing some additional notation, we will assume that 

G = Bi. 

Given ^ £ C°°{dn), let z be the harmonic extension of C in fi. For every solution 
u of we denote 

u{x) - z{x) = u{y), z{x) = z{y) and C{x)^C,{y), 

for every x — <f>^^(y) with y £ G O, M.^. Since u is superharmonic and u = z on 
917, we have u > 0. On the other hand, a straightforward computation yields 

Thus, u satisfies the equation 

-AU - |V(/.|' Uy^.y^ + 2(V0, VUy^) + Uy^A<j> ^{u + . 

Rewriting this equation in terms of spherical coordinates, one obtains 

1 . / iV — 1 + ?72 
(1 + ?7i) Urr + ^A'u H Ur + [u + z)« = 



where 



?7i = -2(/)r(n,eAr) + \\/<f)f (n,eAr)^, 

772 = -r(n, eN)A4> - 2(V'(n, gat), V'(/)) + r | V0|' (V'(n, e^), e^), 

m = - (SfZ-r - |V(/)|^ (n, ejv) - rAc/jj ejv, 

774 = - (|V0|^ (n, Gat) - 20r) Gat + -(n, ejv) V'(/), 



^ = -|V0|'eAr + -V'0. 

r 

Taking into account the fact that 0(0) = and V0(O) ~ 0, 

|0(a;)| < Gr^, |£'0(a;)| < Gr and lo'^cj)] < C. 
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Thus, for every j — 1, ... ,5, 

hj(r,-)||L- <Cr Vr e (0,1). 

Lemma 6.1. Let 

(6.1) t — log^, v{t, a) = r~ u{r, a) and a{t, a) — r~ z{r, a). 
Then, v satisfies 

(6.2) (1 + ei) vtt + A'v - (tV - 2^ + + + g,) y + + = 

- (V'w, li) + (Vvt,li) + {V(Vv, bn),^), 
where ej are functions defined in (0, +oo) x S^^^ satisfying the estimates 

(6.3) ||ej(i,-)llL~ < Ce-* > 0, 

/or every j = 1, . . . , 6. 

We refer the reader to [14] for the proof of Lemma 16.11 and for the cxphcit 
expressions of the functions ej. 

For every T > and 5 > 0, let 

Qt = (r, +oo) X S-^-i and Qt,s = {T - S,T + 6) x S^-^ . 

We have the following ly^'^'-estimates satisfied by v. 

Proposition 6.1. Let v be defined as in Lemma \6.1\ If v is uniformly bounded in 
Qo, then for every 1 < p < +oo, 

(6.4) \\v\\w2^.^Q^,,)<c{\\v\\mQ^,-)+e-f^^) VT>2, 
for some positive constant depending on ond on p. 

Proof. Since A' is uniformly elliptic and $ is a diffeomorphism, the operator L 
given by 

L{v) = (1 + ei) Vtt + A'v - (iV - + e^) «t + 

- {V'v,n) - {V'vt,Po) - (V'(V'«,e^),i^) 

is uniformly elliptic. Let 5 > 0. By the Agmon-Douglis-Nirenberg estimates (see [1]) 
applied to the restriction of v on the set Qt.i+s, 

Mw^.p{Qt.i + s) < C''{\Mlp(Qta+2s) + ll(" + «)1liP(QT,i+2^))- 

Since a and v are uniformly bounded in Qq, for every s G (1, 2) we have 

\\ia + vy\\LP{QT.s) < II" + «IIl~\qt,,)II" + ^^IU''(qt,=) 

< c(||a||LP(Q^_^) + \\v\\LPiQT,s))- 

Since z is uniformly bounded in f2, 

\\a\\Lp{QT,s) < Ce^~\\z\\L-^(n) < Ce~^. 

Thus, 

(6-5) \Mw^-HQt.i+6) < '^{MLPiQT,i+2s) + e"^) . 
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In particular, 

Mw^.p{Qt,i) < c{h\\LP(Q^ 3^) + C-f^y 

By a bootstrap argument based on the estimate l|6.5p above and the Sobolev imbed- 
ding, we also have 

\Hlp(q^ s) < c{\\v\\L2iQ^_,)+e^T^y 
Combining these inequalities, the estimate follows. □ 

7. Removable singularities at 

The goal of this section is to show that solutions of which are not too large 
in a neighborhood of must be continuous at 0. 

Theorem 7.1. Let q > qi and let u be a solution of (jl.ip . // 
(7.1) lim |a;|^ = 0, 

then u can he continuously extended at 0. 

Proof. Let v be the function given by (j6.ip . By assumption (j7.ip , we have 



(7.2) lim v{t, •) = uniformly in S 



N-l 



We now rewrite (j6.2p under the form 

(7.3) vtt -(n- vt + ^N^qv + ^'v +{v + aY = H, 
where H is given by 

(7.4) H = -^tivu + eivt - esv + {Vv, 7t) + {Vvt, ^) + {V{Vv, ejv), ^). 
Thus, 

(7.5) J Wft dcr - (iV - J vvtda + eN,q J da + J vA'vda+ 

+ J v{v + af da ^ j vHda. 



N-1 



Let 

X{t)^\\v{t,-)h2^S--^) Vt>0. 
Note that for every t > 0, 

(7.6) XXt = / vvt da. 



Using Holder's inequality we have 

l^^tl < ||i;(i,-)IL2(s«-l)||«*(t,-)IlL2(s«-l). 

Thus, 

(7.7) \Xt\<\\vtit,-)h2^s--'y 
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Computing the derivative with respect to t on both sides of identity ()7.6|) . we get 
{Xt f+XXtt^ J {vt f da + J uwtt (icr = ||wt(i, •)||^2(5«-i) + J vvuda. 

From this identity and estimate (|7.7p . we deduce that 
(7.8) XXu > I wtt da. 



On the other hand, since the first eigenvalue of the Laplace-Beltrami operator — A' 
in is 7V-1, 

{N-l)X^< j |V'wpdCT = - j vA'vda. 
By Holder's inequality, 

J vHda <X\\H{t,- 



From the elementary inequality 
we get 

J v{v + a)9 < 2« J + wa«) da 

It follows from Holder's inequality that 

(7.9) J v{v + a)" da < 2'^[x^v{t, W^'J^s--^^ + X\Ht, •) • 

We may assume that u is a nontrivial solution of (|l.ip . By the strong maximum 
principle, we have u > in n, thus X > 0. Combining ([731l . (fTe]) and ([7?8 ll -([7J ll . 
one gets 



Xtt- N 



{n - Mi) Xt + (£jv.« - ^ + 1 + 2'^\\vit, Olli^')^ > 

>-{\\Hit,■)U.+2^ait,■)\\l.,,) 

(to simplify the notation we drop the explicit dependence of the set S!^^^). From 
the definition of the function a, there exists C > such that 



2^a{t,■)\\l,,<Ce- — . 



In view of (|7.2p . given e > there exists to > such that 



We deduce that for every t > to we have 



2'^\\v{t,-)\\l~J <s on[to,oo). 



Xu- N 



[n - Mi j + (^Ar,g -N + l + e)X> -\\H{t, ■)\\l2 - Ce-^. 
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We shall show that 

X{t) < Ce"^ yt > 0, 

and the conclusion will now follow from a bootstrap argument. Note that the linear 
equation 

Ztt -(n- Ml) Zt + (iN^g -N + 1)Z = 
has two linearly independent solutions: 

e^f^* and Z2{t) = e^^-f^^*. 
We can then take e > small enough so that the linear equation 

Ztt -[n- Zt + (£jv,g -~N + l + e)Z^O 

has two linearly independent solutions: 

^e"-^-* and = e''^-* 

such that 

2 

ri e < and r2.e > 0. 

q-1 

In particular, 

■^2.e(i) ^ +00 as t — > +00. 
From assumption (|7.ip , v is bounded. In view of (|6.3p and Proposition 16.11 with 
p = 2, there exists Ci > such that 

\\H{t,-)\\L- <Cie-' yt>0. 

Thus, 

^« - - + (^Jv,« - iV + 1) X > -Cie-*. 

Since 

-> as i ^ +00, 
from the maximum principle there exists a constant Ci > such that 

<Ci(Zi,,(0+e-*). 

If ri ,, > —1, then 

X{t) < 2CiZi^^{t). 

Since ri.e < the estimate above implies that u is bounded and thus by 

standard elliptic estimates u is continuous. Otherwise ri ^ < —1, in which case, 

X{t) < 2(716-*. 
Thus, by Proposition 17.11 for every T > 2, 

ll«llH'2.2(Qr,2) ^ C'le"^. 

In view of (|6.3p . there exists C2 > such that 

\\H{t,-)\\L^-<C2e-^' yt>0. 

Thus, 

X„ - (tV - ^gjii) + (^jv,, -N+1)X> -^26-2*. 
This implies as before that 

X{t)<C2iZi,eit)+e-^'). 
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If ri,e > -2, then 

X{t) < 2C2Zi,,{t) 
and u is bounded. Otherwise ^ < —2, in which case, 

X{t) < 2C2e-^K 

We can continue this argument and deduce in finitely many steps that 

X{t) < 2C'fcZi,,(i). 
Applying Proposition 16. II with p > we deduce that for every T > 2, 

Thus, by Morrey's embedding. 

This implies that u is bounded and hence continuous m Q. □ 

The conclusion of Theorem l7.1l is false with the critical exponent q — qi. In fact, 
combining Theorem 11.31 and the result of del Pino-Musso-Pacard mentioned in the 
Introduction (Theorem II. 4p . when q — qi there exist solutions of such that 

u{x) xm\x\~'' {log^^-"^ 

in a neighborhood of 0. These solutions are necessarily discontinuous at but, since 
iV-1, 



91-1 



lim \x\ 'i-i u{x) = 0. 



The right statement in this case is the following: 
Theorem 7.2. Let q — qi and let u be a nonnegative solution of p.ip . // 



iV-l 



lim |a:|^-i(log^) = u{x)=Q, 
then u can he continuously extended at 0. 
Proof. Let 

M/(t)=t^||«(i,-)l|^.(s«-i) Vt>0, 

where v is the function given by (|6.ip . By assumption, W{t) Q as t ^ +oo. As 
in the proof of Theorem 17. H for any e > there exists to > such that for every 
t>to, 



> -t^\\Hit,-)\\L--Ct^e' 

The linear equation 



has two linearly independent solutions Wi and 14^2 such that for t sufficiently large 
(see Lemma [A. 21 below) 

Wi{t)^t^e-^\l + oil)) and 1^2(0=^^(1 + 0(1)). 
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We can then take e > small enough so that the linear equation 

has two linearly independent solutions Wi^e and 1^2, e such that 
and 

W2,e{t) +00 as i — > +c)0. 
In view of (|6.3p and Proposition 16.11 with p = 2, there exists Ci > such that 

\\H{t,-)\\L2 <Cit-^e-'' Vt>0. 

Thus, 

Wu + {N - ^)W, + \ [-^^ +e + > -Ce-K 

Since 

^0 as t ^ +CX), 
from the maximum principle there exists a constant Ci > such that 

W{t) <Ci{Wi,,{t)+e-*). 

Thus, 

W{t) < Cie~\ 
Thus, by Proposition 16.11 with p — 2, for every T > 2, 

\Mw^.^iQT.2) <Cit 2 e . 

In view of (|6.3p . there exists (72 > such that 

||-ff(i,-)l|L2 < C2t-^e-2* vt>0. 

We can continue this argument as in the previous theorem and deduce after finitely 
many steps that 

W(t) < CkWi,At) < Ci^e-(^-i)*, 
which implies that u is bounded and hence continuous m fl. □ 



8. Proof of Theorem 11.21 
We first establish the following 

Proposition 8.1. Let qi < q < qs, with q ^ q2. If u is a solution of (jl.ip such 
that 

2 

u{x) is bounded in £7, 
then for every £ > there exists 6 > such that if x £ {0}, G S^~^ and 
\x\ < S, then 



(8.1) \^\ — u{x)-w{^) 

where w is a solution of p.3[) . 



< e 



ISOLATED BOUNDARY SINGULARITIES OF SEMILINEAR ELLIPTIC EQUATIONS 27 



Proof. Let v be the function given by ()6.ip . We first rewrite equation (16. 2|) under 
the form 



(8.2) 



vtt + iN,qV + A'l; + {v + ay - (n - Ml) = h, 



where H is given by (|7.4p . Multiplying (|8.2p by and integrating over S'^"' yields 



VtVttda + iN^q / VtV da + / i;tA'i;d(T+ / '!;t(z; + a)' d(T+ 



Wf_ff da. 



Thus, 
(8.3) 



9+1 



da- 



WtiJ + at(t; + ay 



da. 



From our assumption on u, v is bounded. It follows from (|6.4[) and the Sobolev 
imbedding that v, vt and V'w are uniformly bounded in S^^^ x K+. Integrating 
T3|) from to T, for any T > 0, one deduces that 



2 g+1 

eJV-i 

for some constant C > 0. On the other hand, 

\vtH\da < Ce"*. 



da < C 



Moreover, since v is bounded and a satisfies (j6.5l) . we have 

J \at\{v + ayda<Ce~T^. 



Thus, integrating (|8.3p on (0, +oo), we obtain 



AT 2(g+l) 
9-1 






Jo J 




qN- 



v? da < +00. 



Since q^q^^N- 212+11 ^ q. Hence, 



/ da < +0O. 
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By ()6.4p and Morrey's estimates, vt is uniformly continuous on Qq. We deduce that 

vt{t, •) ^ uniformly in S^^^ as f — > +00. 

We now prove that 

v(t, ■) —^w uniformly in 5+ as t +00, 

where w is a nonnegative solution of (|1.3p . For this purpose, we study the limit set 
of the trajectories of v, namely the set 



T>0 t>T 

where the closure is computed with respect to the usual norm in C°{S^~'^). Since F 
is the intersection of a decreasing family of closed connected subsets of C^{S^~^), 
F is closed and connected. In addition, since v is uniformly continuous in Qq, it 
follows from the Arzela-Ascoli theorem that F is also compact and nonnempty. 

We claim that every w satisfies problem (|1.3p . Indeed, let {tk) be a sequence 
of nonnegative real numbers such that tk +00 and 

v{tk, ■) w uniformly in S^^^. 

Clearly, w is nonnegative and w = on dS^^^. For each fc > 1, let 

Vk : (s, a) e [0, 1] X 5^-^ ^ v{tk + s, a). 

For every if g C^{S^~^) and for every s G (0, 1), from the equation satisfied by v 
we have 



iVk)u^ + iN,,Vkip + VkA'ip+(yk+ay^~(^N^^^^ {Vk)t^ 



da dt — 



tk+e 

Hip da dt. 



tk 



As A; — > +00, 



tk+E 

Hipdadt-^0. 



Since Wt — > uniformly as t — > +00, we also have 



{Vk)tvdadt^O. 



Note that 

{Vk)tt^dadT^ I [vt{tk+e,a)-vt{tk,a)\ipda -^Q. 



Since the sequence (T4) is bounded in C^, passing to a subsequence if necessary, 
we may assume that for some continuous function W , 

Vk^W uniformly in [0, 1] x S+^K 
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We conclude that for every e G (0, 1) 



Dividing both sides by e and letting e ^ 0, we get 



dadt = 0. 



lN,qW{0, a)if - VF(0, cr) AV + (VF(0, ct)) V 



da = 0. 



Since w = VF(0, •), we conclude that w satisfies (|1.3p . Hence, every element of T 
is a nonnegative solution of (|1.3p . Since these solutions form a discrete subset of 
C°(S'^-i) and r is connected ( in our case, the set of nonnegative solutions is {0, cj}, 
where lo is the unique positive solution of (jl.3p ). T contains a single element. In 
particular, 

•) — > w uniformly in S^^^ as, t ^ +oo. 
The proposition follows from this convergence. □ 



Proof of Theorem Let u be a solution of (jl.ip . Since q < q2, hy Theorem 11.51 
there exists C > such that for every a; e il, 

< \x\^ u{x) < C. 

Thus, by Proposition 18.11 there exists a solution w of (|1.3p such that (|8.ip holds. 
Either w is the unique positive solution of (jl.3p (see Theorem II. ip or w — 0. If 
w — 0, then 

2 

lim 9^ u{x) — 0. 

Hence, by Theorem 17. II u can be continuously extended at 0. □ 

9. Proof of Theorem 11.31 

We first prove an estimate which improves Theorem 11.51 when q = qi, except 
that wc do not know whether the constant C below can be chosen independently 
of the solution. 

Theorem 9.1. Assume that q — qi. Then, every solution of ()l.ip satisfies 

u{x) < C\x\'^^~^^ ( log ^) ' Va; e il, 

for some constant C > possibly depending on the solution. 

In the proof of this result we need the following lemma: 

Lemma 9.1. Let a ^ qi and E = ker [A' + {N — 1)/]. Given a solution of (|l.ip . 
denote hy v the function given by (j6.ip . // 

V ^ Vi + V2 

is the decomposition of v as the orthogonal projections in L'^(S^^^) onto E and 
E^ , respectively, then 

N — 1 t 

(9.1) ||wi(t, < C"* — ~ and ||w2(i, OIIl^cs"-!) ^ ^'e'^ Wt > 0. 
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Proof. Denoting by (f>i the first eigenfunction of A' with ||0i||li — 1, we have 
vi{t, a) = y{t)(t)i{a-) where y{t) = / v{t,(T)(f)i{a) da. 



Since q = qi, equation (j7.3p becomes 

(9.2) vtt + Nvt + iN - l)v + A'v + {v + a^' = H, 

with H defined in (|7.4p . Since a > 0, we have {v + > w'l. Thus, 

Vtt + Nvt + {N - l)v + A'v + < H. 
By Jensen's inequality, 

< J 01 da. 
Muhiplying (|9.2p by and integrating over 5:^"^, we get 



y" + Ny' + < J H(j)x da. 



By Theorem II .51 v is uniformly bounded in x ^. In particular, by (|6.3p and 
Proposition 16.11 with p = 2, we have for every t > 0, 

H(j)i da < Ce~*. 



N-1 



Thus, 

y" + Ny' + y'^^ < Ce"*. 
Applying Lemma lA. II we deduce that 

y{t) < cr^ \ft > 0. 
This concludes the proof of the first estimate in (|9.1[) . 
In order to prove the estimate for V2, let 

i"W = Ik2(<,-)lli.(5«-) vt>o. 

Since v{t,a) = y{t)(f)i{a) +V2{t,a), we have 

vt = yt4'i + Mt and Vtt = ytt4'i + Mtt- 
Using the orthogonality between (jji and V2 , 

YYt= J V2{v2)tda:^ J V2[yt4'i + Mt] da ^ J V2Vtda. 

qN-1 qN-1 qN-1 

From the first equality, we have 

\Yt\<\\v2itr)\\L^. 

One also shows that 

YYtt > / V2Vtt da. 
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On the other hand, since the second eigenvalue of the Laplace-Beltrami operator 

-A' in W^'\S^-^) is 2iV, 

2NY^ < J iV'wapdcr^- J W2 A'wa dcr = - J V2A'vda. 

^Tv-i S^^^ S^^^ 

Multiply (|9.2p by V2 and integrate over S^~'^. As in the proof of Theorem 17. 1[ for 
every e > there exists ti > such that for every t > ti, 

Ytt + NYt-{N+l- e)Y > -Ce"*. 

Note that for e > small the linear equation 

Ztt + NZt - (iV + 1 - e)Z = 

has two linearly independent solutions ^ and Z2.e such that 

^e"-!-* and Z2,eW = e"-^--* 

with 

ri,e ^ ~\ ^2,£ > 0. 

Since Y{t) ^ as t — > +00, applying the maximum principle one deduces that 

Y{t) < C(Zi,,(i)+e-*). 

In particular, 

Y{t) < Ce~5. 

This gives the estimate for V2- □ 
Proof of Theorem \9.1i By Lemma 19.11 above, we have 

N — l 

\\v{t,-)\\L2 <ct — — yt>o. 



Inserting this estimate into estimate (I6.4p for some p > ^ the result follows. □ 
Proof of Theorem \1.3[ By Theorem 19.11 the function w : [0, +00) — > R given by 

w{t, a) ~ t^~v{t, a) 
is bounded. By a straightforward computation, w satisfies 

(9.3) wtt + {N- ^) wt + (^N-l + w + A'w+ 

where H is given by ([Lll)- Let : 5+ ^ R be the function defined by (j){a) = 

we recall that (j) is an eigenfunction of —A' in Wq''^{S^~^) associated to the first 
eigenvalue — 1. Let 

z(<) = / w{t,a)(j){a)da > 0. 
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Multiplying ()9.3p by (j) and integrating over S^~^, we obtain the following equation 
satisfied by z: 

Zu + {N~^)z, + ^z+^ I n,^^^da-^^^z = t'^ j Hc^da. 

c,JV-l qN-1 

Thus, 
where 



and 

^-^i^ J H(j)da- ^^z+^ J [(z</>)9i -w^ij^dcr. 
By Lemma l9.1[ we have 

N — 1 t 

(9.4) \\z{t)c^~w{t,-)\\L^ <Ct—e-^. 

Since 

< qi\z^ ~ iu\[{z<j)y'-^ + w"'-^], 

■N-l 
+ ' 

9l-l|U9l-l|l , I ||,„9i-l| 



z is bounded in and w is bounded in x 5.^ ^ 



Af-1 t 

By Proposition 19. 1[ (|6.3p and Proposition 16. II with p — 2, 

\\H{t,-)\\L2 <Ct-^e-'. 

Thus, 

.)IIloo < c(c-* + + t^e-^^ < cr^. 

By a straightforward modification of the end of the proof of [7, Corollary 4.2], z 
admits a limit k > when t —> +oo, where k satisfies 

Therefore, either k = or k = (^ ^^^o^^^ ^ 
By (|9.4|) we deduce that, as i ^ +oo, 

t^v{t,-) K(P iuL^iS^-^). 

By Proposition 16.11 with p > ^ and Morrey's estimates, we conclude that 

t 2 v(t^ .) ^ uniformly in 5:^^^. 

Rewriting the convergence in terms of u, we conclude that either ()1.5|) holds or 

JV-l 

(9.5) Ixl^-i(log^) ^ u{x)^Oasx^O. 



If (|9.5p holds, then u must be continuous in view of Theorem 17.21 □ 
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Appendix A. Some ode lemmas 

We gather in this section a couple of ODE results which are used in this paper. 
These results are presumably well-known to specialists: 

Lemma A.l. Given T > 0, let y ^ C^([T, +cxd)) be a nonnegative function such 
that 

{ytt + avt + by'^<ce^*' in {T, +00), 
1 lim y{t) = 0, 

where q,a > 1 and 6, c > 0. Then, there exists C > such that 

(A.l) 0<y{t)<Ct-^ Wt>T. 

Proof. Given A > 0, let 

z{t) = y{t) + Ae-^ 'it>T. 

Then, z satisfies 

ztt + azt + hz'i <[c-{a- \)A] e"* + - y«). 
By convexity of the function t e R-|_ 1-^ , 

y'^>z'^- qz'i-^Ae-\ 

Thus, 

(A.2) Ztt + azt + bz'^ < [c - (a - 1 + bqz''-^)A] e"*. 

Since a > 1 and z(t) — ^ as t 00, we can choose Ti > T and A > sufficiently 
large so that the right-hand side of (jA.2|l is negative on [Ti, 00). Thus, 

( A.3) ztt + azt + bz'' <0 in [Ti , cx)) . 

Let w = z^~'^ . By a straightforward computation, we have 

(A.4) ^,^ + „^,>_(^_i)f^i±^. 

Combining (|A.3p - (jA.4p . we deduce that 

Wtt + awt > b{q - I) in[Ti,oo). 
The function x — Wt satisfies 

Xt + ax > b{q — 1) in [Ti, 00). 
Thus, taking T2 > Ti sufficiently large, 

xit) > + cie-"' > \ft > T2. 

Since Wt — x, choosing T3 > T2 large enough, we then get 

w{t)>'-i^t yt>T^. 

Therefore, 

We can now enlarge the constant in the right-hand side so that this estimate holds 
for every t > T. This immediately implies (|A.1[) . □ 
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Lemma A. 2. Let a, ai, 6, 61 G M with a ^ Q. Then, the equation 
ytt + (a + 7(6-^)^ = m(0,+(X)), 
has two linearly independent solutions yi and y2 such that 

yi(i)=i"^+^e-«*(l + o(l)) and =*"«(! + 

for t sufficiently large. 
Proof. Let 

z{t)=e'^t-'^y{t). 

Then, z satisfies the equation 

^«-(x-t + t)- = o, 

where ^1 = 6 + ^ and = &i + ^ + 4- By [3, pp. 126-127], the equation 
satisfied by z has two linearly independent solutions with the following asymptotic 
behaviors as f — > +00: 

zx{t)=e~'t t^{l + o{l)) and 22(i) = i"^(l + o(l)). 

Rewriting these formulas in terms of the function y, the result follows. □ 
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